Recent w ork has shown that the triangular rational B ezier surface representation can be used to create polygonal surface patches. The key to the construction is the judicious use of zero weights in creating the surface parameterization. These zero weights introduce base points into the resulting rational parameterizations. Base points also lower the degree of the implicit representation of these polygonal surface patches. This paper states and proves in a simple, constructive manner a bound on the implicit degree of rational surfaces created in this manner.
Introduction
Triangular parametric surface patches are an important tool in geometric modeling. Mathematically, a triangular surface patch S is the image of a domain triangle T under some parametric mapping. If T has vertices v 0 , v 1 , and v 2 , a n y point q in T can be expressed uniquely in the form q = 0 v 0 + 1 v 1 + 2 v 2 where 0 1 2 0 a n d P i = 1 in this case, 
Base points
Parameter values for which ( x y z w) = ( 0 0 0 0) are called base points of the parameterization. It is easy to introduce a base point i n to the parameterization of a rational B ezier surface. For example, when the weight w d00 is zero, the values of x, y, z, a n d w are all zero at the parameter value (1 0 0). Base points have t wo important e ects on rational surfaces.
First, the image of a base point under the rational parameterization is a set of rational curves on the resulting rational surface Cle68, S ). The image of the base point depends on the direction in the parameter plane from which the base point i s approached. This observation is the basis for a method to create polygonal patches War92].
Let S be a rational B ezier surface patch of parametric degree d where S is the image of a domain triangle T with barycentric coordinates ( 0 1 2 ). The convex hull of the points f(i 0 =d i 1 =d i 2 =d) j w i 0 i 1 i 2 6 = 0 g is known as the Newton polygon of the weight function of S Wal50]. The Newton polygon provides a key to understanding the structure of S. T h e following theorem from War92] demonstrates its importance.
Theorem 1 Let P be the Newton polygon of the weight function for a rational B ezier surface patch S. The boundary curves of S are i n 1 ; 1 correspondence w i t h e dges of P.
The control points of S that lie on a single edge of P de ne a rational B ezier curve that is a boundary curve o f S. Figure 1 illustrates the relationship between P and S and shows a hexagonal surface patch created using this technique.
The other important e ect of base points is that their presence lowers the implicit or algebraic degree of S. A n y rational surface patch S can be expressed implicitly as the zero set of a homogeneous polynomial function Har77] F(x y z w) = 0 :
The degree of the polynomial F is called the implicit or algebraic degree of S. The following argument, from Sal14, Sed90] , illustrates the relationship between the degree of a rational parameterization, its number of base points, and the implicit degree of resulting surface patch.
The implicit degree of S is equivalent t o t h e n umber of intersections of S and a line L Har77 The main objective of this paper is to establish a tighter bound on the implicit degree of the polygonal patches used in War92]. Such a bound is useful for several reasons. The complexity of many geometric applications for processing such surface patches depends on the implicit degree of the patch. For example, the implicit degree bounds the number of intersections of a straight line and the patch. This quantity directly a ects the time required for ray tracing the surface patch. The degree of an intersection curve b e t ween two s u c h patches is bounded by the product of the degrees of the patches. Bounding the implicit degree of S is also an important rst step in the process of creating specialized resultants for converting S to its implicit form.
Intersection multiplicity and Newton polygons
The key to establishing a bound on the degree of a polygonal B ezier patch is the relationship between the orders of the base points of (f = 0 ) \(g = 0) and the Newton polygons associated with f and g. Recall that the order of a base point ( p 0 p 1 p 2 ), o(p), is simply the power to which the linear factor p 0 u 0 + p 1 u 1 + p 2 u 2 appears in the u-resultant when the coe cients i and i that determine the line L are treated as indeterminates. A base point p of order greater than one corresponds to several intersection points of f = 0 and g = 0 all lying at p.
Intersection multiplicity is a tool for precisely measuring the numberof intersection points that coincide at p. I n tersection multiplicity w as originally developed to allow strict equality in B ezout s theorem. Ful78] shows that any measure satisfying the following seven axioms is equivalent to the notion of intersection multiplicity from B ezout s theorem.
1. I p (f g) 0 a n d I p (f g) = 1 if f = 0 and g = 0 share a common curve a t p. Proof: We will show that the bound holds for f and g with symboliccoe cients. Therefore, the bound must also hold for any specialization of the coe cients. . Since f and g have s y m bolic coe cients, all intersection points of f = 0 a n d g = 0 h a ve distinct s coordinates. Therefore, using Fulton's axiomatic characterization of intersection multiplicity, it is possible to show t h a t I 0 (f g) is the maximum k such that s k divides Res(f g t).
We n o w s h o w that s 2 area(R) divides Res(f g t). If Finally, P h k=0 (v k+1 ; v k;1 ) u k is simply two times the area of R expressed as a sequence of trapezoids. 2
Curves and surfaces de ned by polynomials over a sparse set of basis functions are called toric varieties in the algebraic geometry literature Oda85]. Results relating the number of solutions to a system of equations and the volumes of their Newton polytopes are generally known Ber75, Kus76] . Speci cally, Oda85, pp.79] gives a bound on intersection multiplicity of several surfaces meeting at a point in terms of Newton polytopes. However, this result is derived in a very general framework that requires a deep understanding of the theory of toric varieties. The purpose of the preceding proof was to establish the theorem in a simple, constructive manner without recourse to the general theory of toric varieties.
The proof of this theorem also suggests a useful algorithm for aiding in the computation of resultants. If f and g share a nontrivial order polygon R, then the Sylvester matrix for f and g can be preprocessed so as to remove the factor s 2 area(R) always present i n t h e resultant. For example, let f(s t 
Proof: Recall from section 2 that the degree of S is de ned as the numberof intersections of S with a line L. I f L is de ned as the intersection of two planes, then these two planes induce two curves f = 0 a n d g = 0, de ned by equations 1 and 2 as functions of ( 0 1 2 ) in the parameter plane. For any L, the polynomials f and g share the same Newton polygon P. This polygon partitions the domain triangle T into four parts, P itself and a polygon associated with each vertex of T. Let R be the polygonal region associated with vertex (1 0 0) (See gure 3).
We rst show t h a t f = 0 and g = 0 i n tersect at (1 0 0) with at least multiplicity area(R) area ( Let P be the image of P under this index mapping. Then P is the Newton polygon for f and g. L e t R be the order polygon for f and g. T h e i n verse image of R under the index mapping is exactly R.
By theorem 3, the intersection multiplicity at the origin is no less than 2 area( R). However, under the index mapping, area( R) d 2 We observe that equality holds in equation 5 when the coe cients of S are chosen generically. Strict equality holds in theorem 3 when the nonzero coe cients are chosen to be generic. The only remaining possibility i s t h a t f and g may h a ve base points other than those at the vertices of T. L e t q be such a base point. Without loss of generality, assume the 0 1 coordinates of q are nonzero. Let (i 0 i 1 0) be vertex of P on 2 = 0. Then, the basis function B i 0 i 1 0 is nonzero at q. If the parametric functions (x y z w) are perturbed to be (x + 1 B i 0 i 1 0 y + 2 B i 0 i 1 0 z + 3 B i 0 i 1 0 w + 4 B i 0 i 1 0 ), then q is no longer a base point of this parameterization for almost all values of ( 1 2 3 4 ). Therefore, if the parameterization for S has generic coe cients, the degree of S must be exactly that of equation 5.
